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* Introduction:
Basics ,Formation of Networks*; Classical Phantom Network Models

» Statistics of free chains; Path-Integral formulation of polymer statistics;
Feynman path integrals in quantum mechanics; Brownian motion and
Wiener integrals

* Constrained polymer chains: topological constraints in 2 and 3 dimensions;
gauge field formalism and entanglements

» Statistical mechanics with topological constraints: crosslinks and entanglements;
Non-Gibbsian statistical mechanics for quenched systems (S.F. Edwards);
Statistical mechanics of phantom networks (Deam-Edwards approach)

» Qutlook:
- Entanglements and Fillers in Networks: towards a constitutive law for real rubbers
- State-of-Art (2013) concerning (FE) applications in engineering science and

practice. Examples.




S S 5
Some references:

Some basic references:
Freed, Karl F., Functional Integrals and Polymer Statistics, Advances in Chemical Physics XXII, 1-128 (1972)

Kleinert, Hagen, Path Integrals in Quantum Mechanics, Statistics, Polymer Physics, and Financial Markets,
World Scientific Publishing (2009)

Deam, R.T., Edwards, S. F., The Theory of Rubber Elasticity, Philos. Trans. R. Soc. London, Ser. A 280,
317 (1976)

See also:
Stealing the Gold, A Celebration of the Pioneering Physics of Sam Edwards, Eds.: P. Goldbart, N. Goldenfeld,

D. Sherrington, Oxford Univ. Press 2005
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Some references:

Some reviews about physics and theories of polymer networks and
filled elastomers (with many references to original papers):

G. Heinrich, E. Straube, G. Helmis, Rubber Elasticity of Polymer Networks: Theories,
Advances in Polymer Science 85, 33-87 (1988)
G. Heinrich, G. Helmis, T.A. Vilgis, Polymere Netzwerke — Entwicklungsstand der
molekular-statistischen Theorie, Kautschuk u. Gummi, Kunststoffe 48, 689-702 (1995)
G. Heinrich, M. Kliippel, Recent Advances in the Theory of Filler Networking in
Elastomers, Advances in Polymer Science 160, 1-44 (2002)
G. Heinrich, M. Kliippel, T.A. Vilgis, Reinforcement of Elastomers, Current Opinion in
Solid State & Materials Science 6, 195-203 (2002)
M. Kliippel, The Role of Disorder in Filler Reinforcement of Elastomers on
Various Length Scales, Advances in Polymer Science 164, 1-86 (2003)
G. Heinrich, M. Kliippel, T.A. Vilgis, Reinforcement Theories, in Physical Properties
of Polymer Handbook (Ed.: J. E. Mark), Springer 2006
T.A. Vilgis, G. Heinrich, G.; M. Kliippel, Reinforcement of Polymer Nano-Composites:
Theory, Experiments and Applications, Cambridge University Press (2009), 222 pages
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List of distributed pdfs concerning applications, FE-implementations and constitutive
material laws of real rubbers based on the ,Merseburg tube-model® and the ,Hannover filler-
flocculation-model® (Kliippel) of rubber elasticity:

G. Heinrich, T. Vilgis, Contribution of Entanglements to the Mechanical Properties of Filled
Polymer Networks, Macromolecules 26, 1109-1119 (1993)

G. Heinrich, M. Kaliske, Theoretical and Numerical Formulation of a Molecular Based
Constitutive Tube-Model of Rubber Elasticity, Computational and Theoretical Polymer
Science 7, 227-241 (1998)

M. Kaliske, G. Heinrich, An Extended Tube-Model for Rubber Elasticity: Statistical-
Mechanical Theory and Finite Element Implementation , Rubber Chemistry and Technology
72, 602-632 (1999)

H. Lorenz, M. Kliippel, G. Heinrich, Microstructure-based modelling and FE implementation
of filler-induced stress softening and hysteresis of reinforced rubbers, ZAMM - Journal of
Applied Mathematics and Mechanics 92, 608—631 (2012)
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Bogoliubov inequality

Computing the free energy is an intractable problem for all but the simplest models in statistical physics. A powerful approximation method is mean field theory, which is a variational method based on the Bogoliubov inequality. This inequality can be
formulated as follows.

Suppose we replace the real Hamiltonian Ff of the model by a trial Hamiltonian H, which has different interactions and may depend on extra parameters that are not present in the original model. If we choose this trial Hamiltonian such that
ol
(F) = (H)
where both averages are taken with respect to the canonical distribution defined by the trial Hamiltonian . then
A< A4

where 1 is the free energy of the original Hamiltonian and 1 is the free energy of the trial Hamiltonian. By including a large number of parameters in the trial Hamiltonian and minimizing the free energy we can expect to get a close approximation to the
exact free energy.

The Bogoliubov inequality is often formulated in a sightly different but equivalent way. If we write the Hamiltonian as:
H=H,+ AH

where H, is exactly solvable, then we can apply the above inequality by defining
H = Hy + (AH),

Here we have defined {_X) ; to be the average of X over the canonical ensemble defined by [{,. Since fj defined this way differs from [, by a constant, we have in general
(X)o = (X)

Therefore
(#)

And thus the inequality

I

(Hyo+ (AH)) = (H)

A<A

holds. The free energy ] is the free energy of the model defined by Hyplus (A H). This means that
A={(Ho)g = TSo+ {(AH)g = (H)g =TS

and thus:

A< (H)y-TSo
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Proof

For a classical model we can prove the Bogoliubov inequality as follows. We denote the canonical probability distributions for the Hamiltonian and the trial Hamiltonian by f7, and f)’_, respectively. The inequality:
Y Plog(P) 2 X Plog (P)
r r

then holds. To see this, consider the difference between the left hand side and the right hand side. We can write this as:

. P,
Polog | —
Since

1
log(x) > 1—-—
= i}

it follows that:

X P log (%) > Z (13, — Pr) =0

where in the last step we have used that both probability distributions are normalized to 1.

We can write the inequality as:

’ ~ A\
\]U'r" (Pr)} > (log (F))
where the averages are taken with respect to [3,_. If we now substitute in here the expressions for the probability distributions:

exp [—3H (r)]

P,.= -
Z
and
P = exp [—AT’H l!‘)]
Z
we gel:

(-8 —og (Z)) = (-8H - log (2))
Since the averages of J{ and H are, by assumption, identical we have:
A &4
Here we have used that the partition functions are constants with respect to taking averages and that the free energy is proportional to minus the logarithm of the partition function.

We can easily generalize this proof to the case of quantum mechanical models. We denote the cigenstates of ff by | r). We denote the diagonal components of the density matrices for the canonical distributions for [] and 7 in this basis as:
exp [—3H
P.= r'—-——i[ ' }r
Z

! leen[—8A1 v exn(—AR)

and
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].Jr = QT' — L- - T = RN
| z ) z

where the [2 are the eigenvalues of

We assume again that the averages of H and fj in the canonical ensemble defined by f[ are the same:
(i) = m
where
(H) =3 Pr(r|H]|7)
=
The inequality
Y Prog(P) > Y Prlog (P
r r
still holds as both the 7, and the f)r sum to 1. On the Lh.s. we can replace:
log (P,) = —3E, — log (2)
On the right hand side we can use the inequality
(exp (X)), = exp((X),)
where we have introduced the notation
(Y}, ={r|¥]r)
for the expectation value of the operator Y in the state . See here for a proof. Taking the logarithm of this inequality gives:
log [{exp (X)),] 2 (X),
This allows us to write:
log (P,) = log [{exp (=8H — log (Z))),] = {(-8H —log (Z)),
The fact that the averages of H and f{ are the same then leads to the same conclusion as in the classical case:

Axd
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Method of steepest descent

From Wikipedia, the free encyclopedia

In mathematics, the method of steepest descent or stationary phase method or saddle-point method is an extension of Laplace's method for approximating an integral, where one deforms a contour integral in the complex plane to pass near a stationary
point (saddle point), in roughly the direction of steepest descent or stationary phase. The saddle-point approximation is used with integrals in the complex plane, whereas Laplace’s method is used with real integrals.

The integral to be estimated is often of the form

Agl=
/ f(2)e™)dz
2.
where C is a contour and % is large. One version of the method of steepest descent deforms the contour of integration so that it passes through a zero of the derivative g'(=) in such a way that on the contour g is (approximately) real and has a maximum at the

Zer0.

The method of steepest descent was first published by Debye (1909), who used it to estimate Bessel functions and pointed out that it occurred in the unpublished note Riemann (1863) about hypergeometric functions. The contour of steepest descent has a
minimax property, see Fedoryuk (2001). Siegel (1932) described some other unpublished notes of Riemann, where he used this method to derive the Riemann-Siegel formula.
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