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Figure [: ‘Spherical coordinate system.
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The conventional choice of coordinates is shown in Fig. 1. 0 is called the “polar
angle”, ¢ the “azimuthal angle”. The transformation from Cartesian coords. is

z=rsinfcos¢ y=rsinfsing z=rcosf. (1)

In the figure the unit vectors pointing in the directions of the changes of the three
spherical coordinates r, 6, ¢ are also shown. Any vector can be expressed in terms
of them:

A = Ag+ A+ Az
= A7+ Agf + Ayd. (2)
Note the qualitatively new element here: while both Z,4y:2 and 7. é,qB are three

mutually orthogonal unit vectors, &, ¢,% are fixed in space but f,é,qg point in
different directions according to the direction of vector 7. We now ask by how large




a distance ds the head of the vector 7 changes if infinitesimal changes dr, df, d¢ are

made in the three spherical directions:
ds, =dr dsy =r1df , dss=rsinfde,

as seen from figure 2 (only the 6 and ¢ displacements are shown).

- = .
-= [ /,’ rsin 6 dj

Figure 2: Geometry of infinitesimal changes of 7.

So the total change is
ds = dri + rdf0 + r sin qubq:b.

The volume element will be

dr = ds,dsgdsgs = r%sin 6 dr df d¢,

and the surface measure at constant r will be

dd = dsgdsy = 7 = r®sin 0d0de 7.

Ex. 1: Volume of sphere of radius R:

/ dT_/ / / r®sin Odr df do = (R3/3)(2)(2w):§w33.
sphere r=0J0=0 J¢=0 3

More interesting: gradient, etc. in spherical coordinates:

= _ Oy, _l/ﬁ ZD
VO = ettt e Tt
o oY or oY oo 4 oY Ao

dc ~ Groz 990z 9pox O
and 7, j', and k can be replaced by
= sin@cosqﬁf+cos€cos¢é—sin¢¢3
= sinfsing 7 + cosfsin ¢ O + cos ¢ ¢

= cosf@r —sinfé.

T N9

(3)

()

(6)



Combining all these we ﬁnd
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Table 1.

All 40 models are sorted based on simultaneous quality of fit values. In the table, x* is the quality of fit valu. |

simultaneous fits. 1, denotes the number of parameters taken for each model during parameter identification. Validity r...

values on synthetic data for Ay, g7, and Apg are listed in the Iast three columns.

Rank
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model name
Micro-sphere model
Alexander model
Diani-Rey model
Extended tube model
Shariff model
Carroll model

Network averaging tube
maodel

Chevalier-Marco model
QOgden model
Amin model

James-Green-Simpson
model

Hains-Wilson model
Attard-Hunt imaodel
Bechir-dterm madel

Pucci-Saccomandi
model

Biderman model
Van der Waals model

Yamashita-Kawabata
model

Lion model

Beda model
1art-Smith model
Haupt-Sedlan model
Fxp-Ln model

Yeoh model
Two-Term model
Yeoh-Fleming model
Tiight-chain model
Three-chain model
Mooney model
Isihara model

Nunes model

Tube model

Slip-link madel
Swanson-4term model
Gent-Thomas model
Caonstrained Junction
maodel

WFB model

Gent model
neo-Hooke madel
Valanis-Landel model

'§
N e €

Validity Range

Referance Type n, ¥ lur ler o
Miche, Goktepe, & Lulei (2004) A (Stat. Mech.)-based 5 0.0657 full range  full range  fult 1,
Alexander (1968) I1.12-based 5 0.0705 fullrange full range ful] g
Lambert-Diani & Rey (1999) 11.12-based 5 00724 full range  full range  full -y -
Kaliske & Heinrich (1999) s-based 4 0.0812 full range  full range
Sheriff (2000) A-based 5 0.0918 fullrange  full range
Carroll (2011) 11.12-based 3 00186 full range  full range
Khiém & Itskov (2016) 11.12-based 4 0.1366 fullrange  full range
Chevalier & Marco (2002) 11.12-based 6 01482 fullrange full range  fjipe
Ogden (1972) A-based 6 0.0604 full range  full range  fuli s oy
Amin, Wiraguna, Bhuiyan, & Okui 11,12-based 6 0.0785 full range  full vange  fl oo o
(2006)
James, Green, & Simpson (1975) 11,12-based 5 0.1808 fullrange full range foi
Haines & Wilson (1979) 11,12-based 6 0.1876 full range  full range
Attard & Hunt (2004) A-based 6 01881 full range  full range
Bechir, Chevalier. Chaouche, & Bou-  A-and I1-based 4 02130 full range  full range
fala (2006)
Pucci & Saccomandi (2002) 11.12-based 302243 fullranee  full ange  fi) o
Biderman (1958) 11,12-based 4 0.2289 fullrange  full range  ful 1
Kilian, Enderle, & Unseld (1986) 11,12-based 4 02404 fullrange full tange fi 1o
Yamashita & Kawabata (1992) 11.12-based 4 02723 fullrange  full ange 'l
Lion (1997) 11,12-based 3 02835 fullrange fullrange ful o
Beda (2007) 11,12-based 4 03150 fullrange full range  firpy
Hart-Smith (1966) 11.12-based 303173 fullvange  full ange  fiolr e
Haupt & Sedlan {2001) 11.12-based 5 03727 full range  full ange  fu)l
Khajehsaeid, Arghavani. & Naghda-  11-based 3 0.5647 full range  full range  fi'h o
badi (2013)
Yeoh (1990) 11-based 3 05671 full range  full range
Pamies (2010) 11-based 4 0.5772 full range  full range
Yeoh & Fleming (1997) 11-based 4 0.6238 full range  1ull range
Arruda & Boyce (1993) A(Stat. Mech.)-based 2 08129 full range  full range
Wang & Guth (1952) A(Stat. Mech.)-based 2 14840 full range  full range
Mooney (1940} 11,12-based 2 35 full range
Isihara, Hashitsume, & Tatibana 11.12-based 3 ] full range
(1951)
Nunes (2011) 11.,12-based 2 4.5 2.5
Heinrich & Kaliske (1997) A-based 3 4.5 25
Ball, Doi, Edwards, & Warner (19%1)  A-based 3 4.5 25
Swanson (1985) I1.12-based 4 4.5 25
Gent & Thomas (1958) 11.12-based 2 4.5 2
Frman & Flory (1982) A-based 3 15 X5
Korba & Barkey (2017) A-and 11-based 4 3 3 3
Gent (1996) I1-based 2 2.5 3 2
Treloar (1943) I1-based 1 25 2.5 2
Valanis & Landel (1967) A-based 1 2 LS 3
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